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CLASSIFICATION OF ISOLATED SINGULARITIES OF NONNEGATIVE 
SOLUTIONS TO FRACTIONAL SEMI-LINEAR ELLIPTIC EQUATIONS 

AND THE EXISTENCE RESULTS 


Huyuan Chen Alexander Quaas 


Abstract. In this paper, we classify the singularities of nonnegative solu¬ 
tions to fractional elliptic equation 

(—A)"u = in 

u = 0 in \ n, 

where p > 1, is a bounded, domain in containing the origin, N > 2 
and the fractional Laplacian (—A)“ is defined in the principle value sense. 
We obtain that any classical solution u of (1) is a weak solution of 

(—A)“u = + kdo in 

n = 0 in \ 

for some A: > 0, where 5o is the Dirac mass at the origin. In particular, when 
p > 7 v^ 2 o’ have that k = 0] when p < u has removable singularity 

at the origin if A; = 0 and if A: > 0, u satisfies 

lim = cn ak, 

x-i-O ’ 

where C]\f,a > 0. 

Furthermore, when p G (1, we obtain that there exists A;* > 0 such 

that problem (I) has at least two positive solutions for k < k*, a unique 
positive solution for k = k* and no positive solution for k > k*. 


( 1 ) 


(2) 


I. Introduction 

Our purpose of this paper is to classify the singularities of nonnegative solutions of 
fractional semi-linear elliptic problem 

(-A)"u = uP in D\{0}, 

J (1-1) 

u = 0 in \ D, 

where p > 1, D is a bounded domain in containing the origin, N > 2, the fractional 
Laplacian (—A)" is dehned in the principle value sense, i.e. 


(-A)^ 


u(x 


= CN,a lim 
£->■ 0 + 


/ 

Jk 




u{x) — u{z) 
\x - 2 :|^+ 2 o 


dz. 


Here Bf:{0) is the ball with radius e centered at the origin and C 7 v,o > 0 is the normalized 
constant, see [25]. 


AMS Subject Classifications: 35J60, 35J20. 
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When a = 1, 
problem 


—A is the well-known Laplace operator and the related isolated singular 


—Art = in Q \ {0} 
u > 0 in n \ {0}, n = 0 on dO, 


( 1 . 2 ) 


has been classified by Lions in [26] for p G (1, by Aviles in [1] for p = by Gidas 

and Spruck in [19] for < p < by Caffarelli, Gidas and Spruck in [9] for p = 
When p G (1, j^^), Lions in [26] showed that any nonnegative solution of (1.2) is a very 
weak solution of 


—Art = + k5o in Q, 

u = 0 on dil. 


(1.3) 


for some k > 0, and further noted that there exists k* > 0 such that for k G {0,k*), problem 
(1.3) has at least two solutions including the minimal solution and a Mountain Pass type 
solution; for k = k*, problem (1.3) has a unique solution; there is no solution of (1.3) for 
k > k*. So the solution of (1.2) has either the singularity of or removable singularity 

when p G (1, j^^)- In contrast with problem (1.3) with source nonlinearity, Veron in [36] 
showed that the semi-linear elliptic equations with absorption terms 


—Au-|-tt^ = 0 in n\{0}, 

u = 0 on dil, 


(1.4) 


admits positive solutions, when p G (1, j^^), which satisfy 


either lim u(x)\x\^ ^ = c^k or lim u(x)\x\p-^ = > 0 

x^O 

for A; > 0, denoting by Uk and ttoo respectively. Furthermore, Uoo is the limit of {uk}k as 
A: —>■ -|-oo and Uk is a weak solution of 


—Am + = k6o 

M = 0 


in n, 
on dQ. 


(1.5) 


Such an object has been extended to the equations with Radon measures or boundary 
measure data in [5, 8, 20, 22, 23] and more related topics see references [2, 3, 7, 37]. 

When a G (0,1), (—A)" is a non-local operator, which has been studied by Caffarelli and 
Sivestre in [11, 12, 14], and fractional equations with measures and absorption nonlinearity 
in type (1.5) have been studied by Chen and Veron in [16, 17]. In the source nonlinearity 
case, Chen, Felmer and Veron in [15] obtained one solution for 

(—A)“m = g{u) + (TV in 12, 

M = 0 in \ 12, 

where cr > 0 small, is a Radon measure and nonnegative function g satisfies the integral 
subcritical condition 

/■+°° _ N_ 

J g{s)s ^-2“ ds < -|-oo. 

Our interest in this paper is to classify the singularities of (1.1) and then to obtain the ex¬ 
istence of singular solutions of (1.1) by considering the very weak solutions of corresponding 
problem with Dirac mass. 

The classification of singularities of nonnegative solutions for (1.1) states as follows. 
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Theorem 1.1. Assume that p > 1 and u is a nonnegative classical solution of (1-1). 
Then u € LP{Tl) and there exists k > 0 such that u is a very weak solution of 


(—A)"tt = + k6o in 12, 


u = 0 


in 




\ 1 !, 


( 1 . 6 ) 


that is, u ^ IT and 


[ [u{-An - dx = km, ve G mm, 

Jn 


where (7^(12) is the space of all the functions in C 
more, 

(i) When p > we have that k = 

N 


oo (w^N\ 


(1.7) 

with the support in 12. Further- 


(ii) When p G (1, j^_ 2 a ), if k = 0, u is a classical solution of 


if k > 0, then u satisfies 


(-A)“u = uP 

u = 0 

in 12, 

in \ 12; 

(1.8) 

lim tt(x) 
x^O 

= CN,ak. 

(1.9) 


Notice that for a = 1, by the local property of the Laplacian and Integration by Part 
formula, the solution u of (1.2) has the following essential estimate of the singularity of the 
average in sphere of the corresponding solution 

uir) < , r > 0 small, 

where ci > 0 and u{r) = ^q^u{x) duj{x), then it is available to apply the Schwartz’s 

Theorem in [30] to classify the singularity of solutions of (1.2). However, for a G (0,1), 
because of the nonlocal property of the fractional Laplacian, problem (1.1) can not be 
translated into ODE by the average sphere function. The strategy to prove Theorem 1.1 is 
to derive u G LP{Q) and to scale the typical test functions and by using the positiveness of 
the solution to derive that 

m ■■= [ wi-Ar^ - = km, ve g mm. 

Jn 

We notice that /c = 0 in the super critical case, i.e. p > which means that the 

singularity of positive solution is not visible in the distribution sense. 

From Theorem 1.1, the solution of (1.1) may have the singularity as \x\‘^°‘~^ or removable 
singularity at the origin. Next we consider the existence and nonexistence singular solution 
of (1.1) by dealing with the very weak solutions to (1.6) when p G (1, 

Theorem 1.2. Assume that p G (1, jy^a)' then there exists k* > 0, such that 

(i) for k G (0,A:*), problem (1.6) admits a minimal positive solution Uk and a Mountain- 
Pass type solution Wk > Uk, both solutions are classical solutions of (1.1) and satisfy (1.9); 

(ii) for k = k*, problem (1.6) admits a unique positive solution Uk , which is a classical 
solution of (1.1) and satisfies (1.9); 

{Hi) for k > k*, problem (1.6) admits no solution. 


We remark that the minimal positive solution of (1.1) is derived by iterating an increasing 
sequence {vn}n defined by 

Vo = A;Ga[(Io], 


Vn — + /cGq[(5o] 








4 


H. Chen and A. Quaas 


where Go,[-] is the Green operator defined as 

Ga[f]{x) = [ Ga{x,y)f{y)dy 

Jn 

and Ga is the Green kernel of (—A)“ in O x O. The properties of Green’s function see 
Theorem 1.1 in [18]. To insure the convergence of the sequence {vn}n, we need to construct 
a suitable barrier function by using the estimate 

Ga[GP[<5o]] < C2G„[5 o] in \ {0}, 

where C 2 > 0. By the analysis the stability of the minimal solution, we deduce the existence 
of the very weak solution in the case that k = k* and for k G (0, A;*), we construct Mountain 
Pass solution for the problem 

(-A)“u = {uk + u+y - ul in n, 

u = 0 in \ 

and then the Mountain Pass type solution Vk + is a solution of (1.6). 

The paper is organized as follows. In Section 2, we show the integrability of the solution 
u of (1.1) and the isoltated support of operator generated by (—A)“tt — u^. Section 3 is 
devoted to do classihcation of the singularities of (1.1). Finally, in Section 4 we prove the 
existence and nonexistence of very weak solutions of problem (1.6). 


2. Preliminary results 

We start our analysis from the integrality of nonnegative solution u to the fractional 
problem (1.1). In what follows, denote by Cj the positive constant with i G N, Ga denotes 
the Green’s function of (—A)“ in 11 x and Gq,[-] is the Green operator dehned as 


Ga[/](a^) = / Ga{x,y)f{y)dy. 

Jn 


Proposition 2.1. Assume that p > 1 and u is a nonnegative classical solution of (1-1). 
Then 

ueLP{n). ( 2 . 1 ) 

Proof. If uP 0 T^(n), then it implies by u G Lffjyi \ {0}) that 


lim 

r—>-0+ 


/ 


uP dx = + 00 . 


n\Br{o) 


So for any r > 0, there exist decreasing sequence {Rn}n such that Rn G (0, r), lim„_>.oo Rn = 
0 and 


L 


uF dx = n. 


Sr-(0)\Sfl„(0) 


( 2 . 2 ) 


Let Vr, be the solution of 


(-A)"un = in G, 

Vn = 0 in \ fl, 

where xo = 1 in O and xo = 0 in \ O for any domain O in 
Let Pq be the Fundamental solution of 


(-A)“ro = (5o in 


r>N 
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In fact, ro(x) = CN,a\x\^°‘~^ for x G \ {0}. Since u > 0 in \ {0}, lim 3 ;_).o(u + ro)(x) = 
+00 and Vn is bounded in II, then there exists r > 0 such that u + Fq > in i?r-( 0 ) \ { 0 } 
and it implies by Comparison Principle [13, Theorem 2.3] that for any n G N 

u + Fq > Un in \ {0}. (2.3) 

Since \\m.y^xG{x-,y) = +oo for x G il, there exists tq > 0 such that G{x,y) > 1 for 
x,y £ BroiO), and by ( 2 . 2 ), 

Vn{x) = Ga[xn\BnA0)'^^] = / G{x,y)vF {y)dy 

Jn\BR^{o) 

> [ uP{y)dy 

dBrQ ( 0 )\S_B„ ( 0 ) 

= n ^ +00 as n —>■ oo, 

which together with (2.3) implies that tt + Fq = +oo in Br^iO) and this is impossible. 
Therefore, we have that vP G L^(n). □ 

To improve the regularity, we need following regularity result. 

Proposition 2.2. [34, Proposition 1.4] 

Let h G with s > 1, then, there exists C 3 > 0 such that 

i^) 

(ii) 

{Hi) 


1 2a 

L°o(0) < C3||ft||x,s(f2) II - < —; 


(2.4) 

(2.5) 

r ' iV- 

In the searching the second solution of (1.6), Mountain Pass theorem is applied in the 
Hilbert space Hq{LI), defined by the closure of G^{G,) under the norm of 

|u(x) - v{y)\‘^ 


,[h]\\Lr{n) < C 3 \\h\\Ls^nj if + ^ and s > 1; 


ll‘Sa[^]||L’'(o) < C3]|/illii(Q) if !<- + —. 


U = 


dxdy 


N \x — y]^+2« 

The corresponding inner product in Hq{Q) is given as 

[u{x) - u{y)][v{x) - v{y)] 


{u,v)a = j 
jW 


\x - 

Proposition 2.3. For s G [0,2a), the embedding: 

H^{n) ^ L5(F!, \x\-^dx) 

is continuous and compact for 


dxdy. 


q G [1, 


2N-S. 


N -2a' 

Proof. From Theorem 6.10 and Theorem 7.1 in [25], it is known that the embedding 

H{f{n) ^ L'?(H) 

is continuous for 

2N 
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and is compact for 


Q S [1, 

2N-S 


2N 


N - 2a' 


By using Holder inequality, for g G [1, ^ ~ - jv- 2 a ’ then 


qt = 


2N 


st 


N — 2a^ t — 1 2N — q{N — 2a) 


< N 


and 


/ ^dx<([ u’^^dxY ( [ 
Jn |a;r \Jn J \Jn 


St \ ^ t 

HI ‘-1 dx 


(2.7) 


thus, the embedding Hq (H) ^ |a:| ^dx) is continuous. Now we choose H ^ jv- 2 a 

for e > 0 sufficient small, then (2.7) holds with qt^ < and < N, so the embedding 


Hq{Q) ^ L'?(H, \x\~^dx) is compact for q G [1, ^~^ ). 

Lemma 2.1. Let r G (0, N), then for x G Bi (0) \ {0}, 

' if T > 2a, 

-C 2 log(|a;|) if r = 2 q;, 


Ga[| • I ^](x) < < 


t C2 


if r < 2a. 


For p G (1, ]sf_ 2 Q, ); there holds 


G„[GS[5o]] < 


A^)+2a j£ U G (——— ———1 
‘'2HI \ N_2a^ N-2aL 

-C2log(H|) if P=j^, 


C2 if P < 


Af-2a’ 

2a 

N-2a 


and 


G„[GPHo]] < C 2 G„Ho] in H\{0}. 

Proof. For x G Bi (0) \ {0}, we have that 
2 

1 1 


G. 




'Rq 

\2a—T 


L 


BroW |ex -y|^ 2a \y\T 

FT 


dy 


< Ci\x 


\2a—T 


f - 

JB^iO) 1 


1 


\y\ 


N—2q.-\-t 


dy 


C 2 H|“’'+ 2 " if T > 2a, 

< —C 2 log(|x|) if T = 2a, 

1 C 2 if T < 2a, 

where Ox = and i?o > 0 such that Ll C (0). 

From [18], we know that 


Ga[5o](a;) < 


CN. 


a 


\N-2a 


and 


G^[<^o](^) < 


^7V,a 




, Vx G H \ {0}, 


□ 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 
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then we apply (2.8) to obtain (2.9) and (2.10). 


□ 


Let r]Q : —)■ [0,1] be a C°° radially symmetric function increasing with respect to \x 

such that r/o = 1 in \ ^ 2 ( 0 ) and r/o = 0 in Bi{0). Let 'r]^{x) = r]Q{e~^x) for x G 


Uf: = Ut]^. 

By direct computation, we have that 

(-A)"u£(x) = rye(a;)(-A)“u(x) + u{x){-^Y'qe{x) 

CN,a f {u{x) - u{y)){r]^{x) - rj^{y)) 


^ and 

( 2 . 11 ) 


/ 

Jw 


_ ^i\N-\-2oi 


\x - y\ 


and 


(-A)“ue(0) = lin:i(-A)“Me(a:) = -CN,a [ 
x^O 


dy, Vx G n \ {0} 

uiy)Ve{y), 

-dy. 


Denote by L the operator related to (—A)"u — in the distribution sense, i.e. 

L(0 = [ H-Ar^ - uP^] dx, VC G cr (D). (2.12) 

Jn 

Lemma 2.2. For any C G (^“(D) with the support in il.\ {0}, 

m = 0 . 

Proof. For any C G Cf°(fi), applying the Integral by Parts formula, see Lemma 2.2 in [16], 
it infers that 


f C( —A)"Ue(ix= f Ue{ — A) 
Jq Jq 


-A)^idx. 


(2.13) 


Since C € has the support in D \ {0}, then there exists r > 0 such that C = 0 in 

Br{t)) and if we put the e > 0 small enough, we have that 

I [ [u{-An-uP^] dx\ 

Jn 

<1 [ [u,(-A)“C-^^^C] dx\ + \ [ \il-yM-^n\dx 
J n Jn 

< f \u{—A)°'dx + f |C(—A)“ue — 

JB2e (0) J 

u{x) - u{y)){rie{x) - y^iy)) 


+ y^«ICII(-A)"r?,|dx +^ 


/'/ 

Jn Jw 


'B 2 M 
^CN. 


\x — y|^+2« 

u{—A)°'dx + f |C(—A)“ue — u^Cl <^3: + 

Jn\Br-(0) 

^ f \ [ 

' Jn\Br{ 0 ) JR^ 


n\Br{o) Jn\Br{o) 


dy\\fix)\dx 
u\f.\\{-^TVeix)\dx 


_ oi\N-\-2o' 


\x-y\ 


where is defined in (2.11). For x G D \ Br{0) and e < |, we have that 

u{x) - Ue{y) 

(1 - Ve{y))u{y) 


(-A)"u^(x) = CAr,„P.V. f 

Jr^ 


_7/1 N-\-2a 


\x - y\ 


= (-A)“m(x) + CN,a [ 

Je 

where jx — yj > r — 2e and then we have that 


52,(0) la; - 2/1^+^" 


dy, 
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which implies that 


lim [ |^(—A)“u£ — dx = 0. 

For X € il\ Br{0) and e < |, we have that 

|(-A)“r 7 ,(x)| = CN^a [ 

JB' 

then we imply that 


1 — Vein) ,, ^ r,\-N-2a 


B^M) \x-y\^+^^ 


■ dy < ce^ {r — 2e)~ 


lim / u|^||(—A)“r 7 e(x)|dx = 0. 

<=-^0 Jn\Br{o) 


Finally, for x £ Q \ Br{0) and e < |, there holds that 
f I f {u{x) - u{y)){y,{x) - 7y{y)) 

Jn\Br{o) 

= [ \ [ dy\\^{x)\dx 

Jn\Br-(o) Jb- 


dy\\i{x)\dx 


ln\Br{o) Jb 2,{0) 
\-N-2a\ 


\x — y|^+2o 


<(^_2e)—^“lieikoo(o) 


^^CAr,oe^ / u{x)dx + 

Jn 


'52.(0) 


u{y)dy 


< (r - 2e)-"-2“||{||i„|„, 


CN,a(-^ / u{x) dx + C 5 e^“ 

Jn 


—y 0 as e —y 0, 

which, together with (2.14) and (2.15), implies that 

f [m(—A)“,^ — dx = 0. 

Jn 

Therefore, L(^) = 0 for any ^ € C“(ll) with the support in fl \ {0}. 


(2.14) 


(2.15) 


□ 


3. Isolated singularities 
From (2.1), then u £ L^{Q) and for any ^ 

I f m(—A)"^ dx| < +00, 

Jn 

so L is a bounded functional of C^(n). From Lemma 2.2, for any ^ £ C^{Q) with the 
support in n \ {0}, then 

m = 0. 

This means that the support of L is a isolated set {0} and by Theorem XXXV in [30] (see 
also Theorem 6.25 in [33]) it implies that 


L=Y^ kaD'^do, 

|a|=0 


(3.1) 


where a = (oi,--- ,a 7 v) is a multiple index with ai £ N, jaj = in particular, 

= do- Then we have that 

„ CO 

L(^) = / [u(-A)“.e - uP^] dx=Y^ kaD^CiO) for G 

| a |=0 


(3.2) 
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Proposition 3.1. Assume that p > 1 and a is multiple index. Then 

ka = 0 for any |a| > 2a. (3.3) 

In particular, if a € (0, ^], then there exists k>0 such that 

L = kdQ. 

Proof. For any multiple index a = (ai, • • • , on), let Ca be a C°° function such that 

N 

supp(Ca) c 5i(0) and Ca{x) = kaY^x^* for x G .Bi(O). (3.4) 

i=l 

Now we use the following test functions in (3.2), 

^e(x) := Ca(e"^x), Vx G R^. 

Observe that 

u2 ^ 

^ kaD°‘f,e{0) = JJoj!, 

lal^g i=l 

where aj = Oj • (oj — 1) • • • 1 > 0 and aj = 1 if a* = 0. 

Let r > 0 and then 

1 

c2(y. 


[ n(-A)"^edx| = ^1 [ u{x){-A)^Ca{-x)dx\ 

Jn Jn e 

[ u{x)\{-A)°^Ca{-x)\dx + [ u{x)\{-A)‘^Ca{-x)\dx 

Jn\Br(0) e JBriO) f 


1 

— ^2a 


Fix r, we see that 


(—A)“Ca(-x)| —7> 0 as e^O uniformly in 


then 


I ri(x)|(—A)"Ca(-a^)Mx —)■ 0 as e —>■ 0. 
Jn\Br{o) e 

Furthermore, 

[ u{x)\{-ArCa{-x)\dx < ||(-A)% 

JBr(O) £ 


Therefore, we have that 


■^allLo 


lBr{0) 


U^{x)dx\ |i?r(0)| r 


P-1 


< C6||(-A)“Ca||Loo(KiV)||n||iP(n)r r 
—>•0 as r ^ 0. 


n(-A)%dx| =e-"“o(l). 


N 


On the other side, we see that 

[ U^^edx= f U^{x)C,a{-x) dx 
JbM) e 


In 


For |a| > 2a, we have that 


< llCa||L°c(o) / uP{x)dx^0 as e^-0. 

dB,{0) 


kl < C 7 el“l [e"2“o(l) + o(l)] ^0 as e ^ 0, 


(3.5) 
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then we have ka = 0 hy arbitrary of e in (3.4) . Thus (3.3) holds true. 

In the particular of a € (0, ^], since |a| G N and 2a < 1, then we have that ka = 0 for all 
|a| > 1. The proof ends. □ 

From Proposition 3.1, it implies that for a G (^, 1), the expression (3.1) reduces to 

N 

L = kdo + kiDi6o. (3.6) 

where {Dido,0 — We observe that 

y) = [a; _''yjN- 2 a - 9{x, y), 

where g is a—harmonic function such that g{x, y) = if a? G \ 11 or y G \ H, 

then we have that 

Ga[A5o](^) = {N - 2a) |^|jv^ 2«+2 “ ^xig(x,0), 

and 

\dxig{x,^)\ < 

where cs > 0 and p{x) = dist(x,M^ \ Q). 

Proposition 3.2. Assume that p > 1, a G (^,1), and ki gN is from (3.6). Then 

/cj = 0 for any i = 1, • • • , A^. (3.7) 


Proof. Since 


N 

r(x) : = A:Go[(lo](x) + '^kiGa[Di6o] 

i=l 

, N N 

CN Ol^ \ \ o / r\\ 

~ \^\N-2ci \^\N-2a-\-2 Z-/ 0); 

2=1 2 = 1 

where g is a bounded function, then T must change signs if fej 7 ^ 0 for some i. Now assume 
that there exists i such that A:, 7 ^ 0. We observe that 


u = GaK] + r (3.8) 

and there is t G (0,1) such that 

At := {x G n \ {0} : feiZ • > t} 7 ^ 0 

\x\ 

and 

]_\x^2a-N-l ^ < ^^|^|2a-7V-l ^ cqP^-\x), X G At, 

eg 

where cg >1. So if p > , then T^’ 0 L^{At) and 0 Lf{VL), which contradicts (2.1). 

Now we only have to consider the case that p < jy_^_)_a • In order to obtain the contra¬ 
diction, we continue to estimate Ga[u^]. Let 


ui = Ga[u^]. 

We infer from G L®°(n) with sq = |[1 -|- | jv-^+i 
ui G L^i^(ll) and G L®i(ll) with 


1 

Si = - 


N 


p N — 2aso 


so- 


> 1 and Proposition 2.2 that 
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(3.9) 

(3.10) 


By (3.8), 

< cio(u? + F|rn in n, 

where cio > 0. By the definition of ui and (3.9), we obtain 

^xi <cio(G„K] + FG„[|rr]), 

where 

FG„[|rn(x) < C2|x|(2“-l-FP+2a 

and 

(2a - 1 - N)p + 2a>2a-l- N. 

If Si > by Proposition 2.2, Go[ixf] € L°°{Q,). Hence, we know from (3.10) that 

Ui{x) < Cii|x|(2“-1-W2a^ Vx G H \ {0}. (3.11) 

In (3.8), Civ,a X)i=l | 2 .|JV- 2 c «+2 has negative singnlarity as | • |^" ^ in 

—At := {x G H : —x G At}, 

then from (3.11) and (3.8) with (2a — 1 — N)p + 2a > 2a — 1 — N, there exists some point 
xq G —At such that rt(xo) < 0, which is impossible since u is nonnegative solution of (1.1). 
On the other hand, if si < ^Np, we proceed as above. Let 

U2 = Ga[uf]. 

By Proposition 2.2, U 2 G where 

2 


1 


iVsi 


•52 = 


> 


N 


p Np — 2asi N — sq 


-Si > 


1 


N 


Inductively, we define 


1 

— 


NSm-l 


> I -- 


pNp — 2aSm-i \pN — 2asQ 


p N — 2aso 
N 


Sq. 


Sq. 


So there is niQ G N such that 


> ^Np 


and by Proposition 2.2 part (i), it infers that 

Umo S L°°(Q). 

Therefore, (3.11) holds true, it infers that u{xo) < 0 for some point xq G H \ {0} and we 


obtain a contradiction with u > 0. 


□ 


Proof of Theorem 1.1. From Proposition 3.1 and Proposition 3.2, there exists some 
/c G M such that is a weak solution of 

(—A)“tt = F + k6o in H, 


and then 


u = 0 in \ H 


u = Ga[uP] + kGa[So]. 


(3.12) 


When p > if /c / 0, 


vF{x) > FG„[5of (x) > > c^^FIxr"^, x G G n Bi(0) \ {0}, 

then F ^ L^(H) and contradicts (2.1). Therefore, if p > we have that A: = 0. 


When p G (1, A: = 0, then 


u = Ga[F]. 
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We infer from G with to = ^[l + ^7v^^] > 1 Proposition 2.2 that u G 

and uP G (Q) with 

_ 1 N 
^ p N — 2ato 

If ti > ^Np, by Proposition 2.2, u G L°°{Q) and then it could be improved that u is a 
classical solution of (1.8). 

If ti < \Np, we proceed as above. By Proposition 2.2, u G where 

2 


1 

h = - 


Nti 


> 


N 


p Np — 2ati N — to 


ti > ( - 


N 


Inductively, we define 


tm. — 


1 Ntm-1 


> I -- 


p Np — 2atm-i \P N — 2ato 


p N — 2ato 
N 


to- 


to- 


So there is mo G N such that 


trriQ ^ 


1 

2a 


Np 


and by Proposition 2.2 part (i), 

u G 

then it deduces that u is a classical solution of (1.8). 


When p G (1, and k ^ 0, form observations that 


lAr-2a 


lim G„[(5o](x)|x|-- = cat,, 


x—>-0 


and 


u = Gc[ti^] + A;Go[(5o], 

we infer from G L*°(n) for any to G (1, | ]\i- 2 a )’ lotting 

ui = Gq,[u^], 

1 N ^ ^ 

uxicoo XX ^ TV—2a ^ 

and we are done. If not, ui G and G L^^{Q) with 


(3.13) 


then it follows from Proposition 2.2 that if ^ ]\i- 2 a ^ 2 o ’ ^ -^°°(^)) then u has asymptotic 

behavior C]\f^ak\x\ 


1 

= - 


N 


p N — 2ato 


to- 


By the Young’s inequality, 

uP < cn (uP + in II \ {0}, 

where cn > 0. By the definition of ui and (3.14), we obtain 


ui < cii ( G, 


where 

and 




FG„[| • |P(2“-^)](x) < 


(3.14) 

(3.15) 


(2q; — N)p -j-2a > 2a — N. 

If ti > ^Np, by Proposition 2.2, Ga[tt^] G L°°(II). Hence, we have that 

u{x) < ci3Ga[Mi] + + A:Ga[5o](a^)j Vx G SI \ {0}. 

Since (2 q: — N)p -j- 2a > 2a — N, we deduce from (3.16) that 

lim u(x)|x|^“^“ = cn ak. 
x —>-0 ’ 


(3.16) 

(3.17) 
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On the other hand, if ti < -^Np, we proceed as above. Let 

U2 = 

By Proposition 2.2, U 2 G where 


h = - 


1 Ns^ 


> 


N 


Inductively, we define 


p Np — 2ati N — to 


^ 1 Ntm-l 


-ti > - 


1 N 


p N — 2ato 


to- 


p Np — 2atm-i \P N — 2atQ 


1 N 


to- 


So there is mo G N such that 


and 


tmo ^ r) 

2a 


Umo G L°°in)- 

Therefore, by the assumption that u is nonnegative, it is necessary that k > 0 and 

= CN,ak- 


lim u(x)\x\ 

x—>-0 


This ends the proof. 


4. Existence of weak solution 

4.1. Minimal solution. Proof of Existence of the minimal solution in Theorem 1. 
first define the iterating sequence 


and 

Observing that 
and assuming that 
we deduce that 


Vo ■-= A:Ga[(5o] > 0, 

Vn = + /cG„[(5o]. 

vi = Gaiikvof] + A:Ga[(5o] > vq 
Vn-I > Vn-2 in Tl\ {0}, 


Vn = + A:Go[(lo] > Go[i;^_ 2 ] + A:Ga[(5o] = Vn-i- 

Thus, the sequence {vn} is a increasing with respect to n. Moreover, we have that 

[ Vn{-Ar^clx= [ vP_^^dx + km, 

J Q Jo. 

We next build an upper bound for the sequence {vn}- For t > 0, denote 
wt = tFG„[GP[<5o]] + A:G„[5o] < (c 2 tF + fc)G„[<5o], 
where C 2 > 0 is from Lemma 2.1, then 

G«[u;f] + A:Ga[,5o] < (catF + A:)^’G„[GS[5o]] + A:G„[,5o] < wt, 

if 


□ 

2- We 


(4.1) 

(4.2) 


that is 


(c2tF + ky < tF, 
(c2tF-i + 1 )P < t- 


(4.3) 
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Note that the convex function fk{t) = {c 2 tkP ^ + 1)^ can intersect the line g{t) = t, if 


C2k^ ^ < - 
P 



(4.4) 


Let kp = ^ ^ then if k < kp, it always hold that fk(tp) < tp for tp 

Hence, for tp we have chosen, by the definition of wt ^, we have wt^ > uq and 

vi = Ga[i;g] + A:Gq,[(5o] < GQ,['u;f^] + A:G„[(5o] = wt^,. 



Inductively, we obtain 

Vn < Wtp (4.5) 

for all n G N. Therefore, the sequence {vn} converges. Let Uk '■= lim„_).ooiin- By (4.1), Uk 
is a weak solution of ( 1 . 6 ). 

We claim that is the minimal solution of (1.1), that is, for any positive solution u of 
(1.6), we always have < u. Indeed, there holds 


u = Ga[u^] + A:Gq[(Io] > vq, 


and then 

u = Ga[u^] + A:Ga[(5o] > Ga['(;Q] + A:Gc[5o] = 

We may show inductively that 

U>Vn 

for all n G N. The claim follows. 

Similarly, if problem (1.6) has a nonnegative solution u for fei > 0, then (1.6) admits a 
minimal solution for all k G (0,A:i]. As a result, the mapping A: i—>■ is increasing. So 
we may define 

k* = supjA; > 0 : ( 1 . 1 ) has minimal solution for k}, 
then k* is the largest k such that problem ( 1 . 6 ) has minimal positive solution, and 


k* > kp. 


We next prove that A* < +oo. Let (Ai,<y 9 i) be the first eigenvalue and positive eigen¬ 
function of (—A)" in Hq{Q), see Proposition 5 in [31] then by the fact that 

Uk > A:Gc[(5o] > C 14 A: in Br{0) 

for some r > 0 satisfying B 2 r-( 0 ) C H. There exists C 14 > 1 such that 


ci 4 / Uk^pi dx> Uk^pi dx 
JBr ( 0 ) J 


and we imply that 

C14A1 / Uk^idx>\i / Uk^idx= / Ufe(—A)"(/;i dx 

</_Br(0) -/SI -/SI 

> / dx +/i:</ 5 i(xo) > / Uk^pidx, 

J Q. J Br (0) 

then k must satisfy 


1 

p-i 


k < cieAi 

where C 15 , cie > 0 . As a conclusion, there exists C 17 > 0 such that 


k * < citA, , 


(4.6) 
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Regularity of very weak of solution of (1.6). Let u be a very weak solution of (1.6) and 
xo G H \ {0}, then 

u = G„K] + A:G„[(5o] 

= Ga[u^XBr(xo)] + + A:Gc[(5o] 


where Gc[(5o] is \ {0}), r > 0 such that il2r(0) C fl \ {0}. Let Bi = B 2 -ir(xo). For 

X & Bi, we have that 


Ga[Xn\Bi_iU^]{x) = / uP{y)Ga{x,y)dy, 
J Q\Bi-i 

then, for some C, > 0, we have 


ll<Ga[Xfl\Si'«^]|lc'2(Si_i) < Ci\\uP\\Ll(^B2r{xo)) (4.7) 

and for some constant Cj > 0 depending on z, we have 

l|G«[(5o]||c2(Bi_i) < Cj|xo|^“^. (4.8) 

By Proposition 2.2, G {B2ro{xo)) with go = ^(1 + | N-2a ) ^ Proposition 2.2 

again we find 

Ga[XB 2 r(xo)U^] e LP^{B 2 r{xo)) with pi = jy -^2aqo ' 

Similarly, 

yP g L^^(Br{xo)) with gi = —, 

P 

and 

Ga[XBr{xo)U^] € LP^Brixo)) with p 2 = jy j^2agi ' 

Let Qi = ^ and pj+i = if iV — 2gj > 0. Then we obtain inductively that 

uPeL‘i^{Bi) and G[xb^uP] e LP^+^{Bi). 

We may verify that 

Qi+i ^ 1 N ^ 1 N ^ ^ 

Qi pN - 2aqi pN - 2aqi 

Therefore, limj_,._|_oo qi = +oo, so there exists zq such that N — 2qi^ > 0, but N — 2gjp_|_i < 0, 
and we deduce that 


Ga[XB.y] G L“(B,J. 

As a result, 

u G L^{BJ. 

By elliptic regularity, we know from (4.8) that u is Holder continuous in B^^ and so is u^. 
Hence, zz is a classical solution of (1.1). □ 


4.2. Stability. In what follows, we discuss the stability of the minimal solution of (1.1). 
Definition 4.1. A solution (or weak solution) u of (1.1) is stable (resp. semi-stable) if 

m\l> p [ uP-^edx, (resp. >) G \ {0}- 

Jn 

Proposition 4.1. For k G (0,A:*), let Uk he the minimal positive solution of (1.1) by 
Thoerem 1.1. Then Uk is stable. 

Moreover, there exists cis > 0 sueh that for any ^ G Hq{Q) \ {0}, 

Ufa - P dx > ci8 ((A;*)V -kUr^ \\^f. 


(4.9) 
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Proof. To prove the stability when k > 0 small. When A: > 0 small, the iteration procedure: 
Vn = Ga[v^_i[ + A:Gc[5o] is controlled by super solution where 

= tpFG„[GS[5o]] + A:G„[,5o], 

then Uk < wt and there exists cig > 0 such that 


Ukix) < cigk\x 


\2a-N 


Vx G \ {0}. 


So there holds 




I 

Jn 




Then it follows by Proposition 2.3 that 

if A: > 0 sufficient small. Then is a stable solution of (1.1) for A: > 0 small. 

Now we prove the stability for k € {0,k*). Suppose that if is not stable, then we have 
that 

II£IP 

CJI := inf -- < 1. (4.10) 

^€H^(n)\{0} pj^ul 

By Proposition 2.3, cJi is achievable and its achieved function could be setting to be 
nonnegative and satisfies 

(-A)"^i = aipul~^^i. 

Choosing k G (k, k*) and letting w = uj^ — Uk > 0, then we have that 

w = GQ,[tt? - u^.] + {k - k)Ga[6o]. 

By the elementary inequality 

(a + b)P > + paP~^h for a, 6 > 0, 

we infers that 

w > GafpvflT^w] + {k - A:)Gq,[(5o]. 

Then 


(Ti f pvF^ ^wf^idx = f fi{—A)°‘wdx 
Jn Jn 


> 


/ pul ^w^idx + {k - k)fi{0) > pul ^wf,idx, 
Jn Jn 


which is impossible. Consequently, 

p [ ui-^edx>mi v ^ gfo “( o ). 

Jn 

As a conclusion, we derive that u^ is stable for k < k*. 

To prove (4-9). For any k G (0, A:*), let k' = > k and Iq = (p)^ < 1, then we see 

that the minimal solution u^' of (1.1) with k' is stable and 

lo'^k' P Ig'^k' 

= Iq (GQ[n|,] + A:^Gq[5o]) + (A: — kf^) / Gc[i—+ GQ[do] 


= G„[(W)n+G, 


foUk' 
'xP 


+ A:Gc[do]) 
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where we have used k — k'l^ = 0. Thus, we have that is the minimal solution of (1.1) 
and we have that 

loUk' > Uk, 

so for ^ G Hq{Q) \ {0}, we have that 


o<m\i-p 


/ U^, (, U,U. ^ limiQ, I 

Jq Jq 


Jn 

= ln-^ nl^dx 

Jn 


thus, 


UWl-P [ ul ^^^dx = {l-l^ ^)||^ 1 | 

Jn 

which together with the fact that 


i^o-'mi-P I <-^edx 

2 


1-^0 ^ ^ C2i[{k*) p -k p ], 


p—1 p—1 


implies (4.9). 


□ 


4.3. Extremal solution. We would like to approach the weak solution when k = k* hy 
the minimal solution Uk with k < k*. 

Proof of Theorem 1.2 in the case of k = k*. Let (Ai, (/?i) be the hrst eigenvalue and positive 
eigenfunction of (—A)“ in Hq{Q), then for k G (0,A:*) 


/ vF^ipidx= / ttfc(-A)"(^i dx - fc(/7i(0) 

Jn Jn 


< Ai / uf,ipi dx 


(pi dx 


l-i 

P 


which implies that 


LP(n,p°‘ dx) ^ 


p r 

r 

Jn 


ifi dx. 


Combine the mapping A: is increasing, then Uk* = lim^ y^k* Uk exists and Uk —>■ Uk* in 

p°‘ dx), thus, 

[ Uk*{-A)'^Cdx= [ ul,Cdx + k*C{0), 

J Q. Jq 

So we conclude that (1.1) has a weak solution and then (1.1) has minimal solution Uk*. 

To prove that Uk* is semi-stable. For any e > 0 and f G Lfg (fl) \{0}, there exists k{e) > 0 
such that for all k G {k{e),k*), 

p[ ul4dx<p[ ulf, dx + {k* - k)p [ dx < ||^||^ + e 
Jn Jn Jn 

By the arbitrary of e, we have that Uk* is semi-stable. 

To prove the uniqueness. If problem (1.1) admits a solution u > Uk*. 

m\i 


CJI : = 


inf 


> 1 . 


i(^Hf(n)\{o} p dx 

By the compact embedding theorem, cji is achievable and its achieved function could be 
setting to be nonnegative and satisfies 

(—A)“^i = in n, ^ = 0 in \ 11. 
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Letting w = u — Uk* > 0, then we have that 

w = Ga[ul, - w^]. 

By the elementary inequality 

(a + by > aF + paF~^b for a > 6 > 0, 


we infers that 


then 


w > Ga\pu\* 


O'! 


/ dx= {—A)w^i dx> pu^.:, dx 

J Vl J J Vl 


which is impossible with ai <1. As a conclusion, Uk* is the unique solution of (1.1) with 
k = k*. □ 

4.4. Mountain-Pass type solution. For the second solution of (1.1), we would like to 
apply the Mountain-Pass theorem to find a positive weak solution of 


(-Ayu = (uk+ u+y - uf. in n, 

u = 0 in \ 14, 


(4.11) 


where k G (0, k*) and Uk is the minimal positive solution of (1.1) obtained by Thoerem 1.1. 
The second solution of (1.1) is derived by following proposition. 

Proposition 4.2. Assume that p G (1, jv- 2 Q: )^ ^ ^ (0;^*) minimal positive 

solution of (1.1) obtained by Thoerem 1.1. 

Then problem (4.11) has a positive solution v^ > u^. 

Proof. We would like to employe the Mountain Pass theorem to look for the weak solution 
of (4.11). A function v is said to be a weak solution of (4.11) if 


{u,0a= [ [{uk + u+y-ul]f,dx, VC G iLo (^)- 
Jn 

The natural functional associated to (4.11) is the following 

E{v) = l:\\v\\l - [ F{uk,v+)dx, Vu G iLo (f^), 

^ Jn 


where 


F{s, t) = —— [(s -h t+y+^ - sP+^ -{p + l)s^4] . 

p + 1 ^ ■' 


(4.12) 


(4.13) 


(4.14) 


We observe that for any e > 0, there exists some > 0, depending only on p, such that 
0 < F{s, t) < {p + e)sP~^y -|- CetP~^^, s,t >0 
By we have that for any v G Hq{FI), 

/ F{uk,v+) dx < {p + e) / u^~^v‘^dx + c^ / v^^ dx 

Jn Jn Jn 

< C22\\v\\l, 


then E is well-defined in F[q{Q). 
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We observe that ii^(O) = 0 and let v G Hq{Q,) with ||i;||q = 1, then for k G (0, fc*), 
choosing e > 0 small enough, it infers from (4.9) that 

- [ F{uk,tv+) dx 
^ Jn 

^ “ (p + e) J dx'^ - C 23 F~^^ J dx 

> C24t^\\v\\l - C23 F^^\\v\\^~^^ 

>"ft^-C23F^\ 

where C23, C24 > 0 depend on k, k* and we used (2.12) in the first inequality. So there exists 
(To > 0 small, then for = 1, we have 

E{crov) > ^(Tq =: ^>0. 

We take a nonnegative function vq G Hq{Q) and then 

F{uk,tvo) > - tulvQ. 

Since the space of {tvo : t G ffi} is a subspace of iPg (fl) with dimension 1 and all the norms 
are equivalent, then VoVo(x)p~^^ dx > 0. Then there exists to > 0 such that for t > Iq, 

f r 

E{tvo) =—\\vo\\l - / F{uk,tvo)dx 
2 Jn 

< ^Ibolla - C24t^^^ [ V^'^^dx + t [ ulvodx 

2 Jn Jn 

< C2b{t^ + t - < 0 , 

where 024,025 > 0. We choose e = we have E{e) < 0. 

We next prove that E satishes {PS) condition. We say that E has P.S. condition, if for 
any sequence {vn} in Hq{Q) satisfying E{vn) —>• 0 and E'{vn) —)• 0 as n —>• 00, there is a 
convergent subsequence. Here the energy level o of functional E is characterized by 

0 = inf max E{^{s)), (4-15) 

' r&T sg[o,i] 

where T = {7 G (^([0,1] : P[q{Q)) : 7(0) = 0, 7(1) = e}. We observe that 

c>/3. 

Let {un} in Hq (H) satisfying E{vn) —>• 0 and E'{vn) —>• 0 as n —>■ 00, then we only have 
to show that there are a subsequence, still denote it by {u^} and v G Hq (H) such that 

Vn ^ V in L^(H, dx) and L^^^(H) as n —>■ 00. 

For some 021 > 0, we have that 

C 2 l\\w\\a > E'{Vn)w = {Vn,w)a - / f {uk, {Vn) + )w dx 

Jn 

and 

0+1 > £'(un) = - / F{uk,ivn)+)dx. (4.16) 

2 Jn 

Let Cp = min{l,p — 1}, then it follows by [24, C.2 (fu)] that 
/(s, t)t - (2 + Cp)F{s, t) > 


s,t > 0, 
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thus (2 + Cp)x{A.lQ)-{E'[vn), {vn)+) implies that 


C + C2l\\Vn 



+ Cp)F{uk, (fn) + ) - f{uk, { Vn ) + ) iVn )+] dx 
ul~^vl dx 



2 

ai 


where C 26 > 0. Therefore, we derive that Vn is uniformly bounded in Hq{Q) for k G (0, k*). 
Thus there exists a subsequence {vn} and v such that 

Vn ^ V in 

Vn ^ V a.e. in and in dx), 

when n —)■ oo. Here we have used that where (2a — N)(p — 1) > 

—2a and by Proposition 2.3 the embedding: Hq(^}) ^ L^(Q., dx) is compact 

for g G [1, particularly, for g = 2. 

We observe that 


\F(uk,Vn) - F{uk,v)\ 

= —^\iUk + (w) + r - {Uk + V+)P -{p+ l)ul{{Vn)+ - 'y+)| 

p +1 

< C28ul~\(Vn)+ - n +)2 + C 28 ((t'n)+ “ 
which implies that 

F(uk,Vn) ^ F{uk,v) a.e. in and in L^{Q). 

Then, together with lim„_j.oo = c, we have that ||u„||a —>■ ||u||c as n —>■ oo. Then we 

obtain that u in Hq(Q) as n —>■ oo. 

Now Mountain Pass Theorem (for instance, [29, Theorem 6.1]; see also [28]) is applied to 
obtain that there exists a critical point v G Hq(Q) of F at some value c> P > 0. By /3 > 0, 
we have that v is nontrivial and nonnegative. Then u is a positive weak solution of v of 
(4.11). By using bootstrap argument in [21], the interior regularity of v could be improved 
to be in Hq(Q) n (7^(12 \ {0}), since Uk is locally bounded in H \ {0} and p < Since 

ul-\x) < C27|x|('^-2“)(p-i), Vx G Hi(0), 

with p < j^^ 2 a ’ have that there is some q> ^ such that 

G L'^(i?i(0)), 

so Vk is bounded at the origin. Moreover, by Maximum Principle, we conclude that u > 0 
in 12. □ 


Proof of the existence Mountain-Pass type solution in Theorem 1.2. From Proposition 4.2, 
we obtain that there is a positive weak solution of Vk of (4.11), then Vk is weak solution of 
(4.11) and it holds that 

/ Vki-A)°^dx = f [(uk + Vk)^ - ul]f,dx, G C“(12). 

J Q. J 

then (uk + Vk) satishes 

[ (ufc+ Ufc)(-A)“^(2x = f {uk + vk)^f,dx + kf,{0), G (7^(12). 

J Q. J Q, 
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This means that Vk + Uk is weak solution of (1.6) such that Vk + Uk > Uk and Vk + Uk to 
locally in n \ {0}. □ 
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